In [3] , the Clifford bundle over spacetime was used as a geometric framework for obtaining coupled Dirac and Einstein equations. Other forces may be incorporated using minimal coupling. Here the fundamental forces that are allowed within this framework are explicitly enumerated.
Introduction
In a previous article [3] , we used the Clifford bundle Cl * M over a spacetime manifold M as a geometric framework for incorporating both the Dirac and Einstein equations. We also indicated how other forces can be introduced using minimal coupling. That is, by using a connection on the Clifford bundle of the form ∇ α = ∂ α +Γ α + θ α . HereΓ α is the metric-compatible connection on M extended to Cl * M, and θ α is a collection of four 16 × 16 matrices that encode the force. These matrices must satisfy certain constraints in order for the variational principle to yield the Dirac equation γ α ∇ α ψ = mψ. Such a collection θ = {θ 0 , θ 1 , θ 2 , θ 3 } is a tensor, which we call a force tensor.
In this article, we enumerate the distinct types of forces that are allowed by minimal coupling. This is done by considering the action of the Lorentz group on the space of all possible force tensors V . Under this action, V is a representation of the Lorentz group. And as such, it can be decomposed into irreducible subrepresentations. Each irreducible subrepresentation corresponds to a distinct force.
Article summary. In the remainder of this section, we review the relevant constructions used in geometric framework introduced in [3] , as well as the necessary constraints on a force tensor θ. In section 2, we find a basis for the space of all possible force tensors V , and in section 3 we write down the irreducible subspaces. Each irreducible subspace is identified with a type of fundamental force field on spacetime M: scalar, vector, anti-symmetric tensor, symmetric tensor, and Fierz tensor. In section 4, we use the curvature of the connection ∇ α to obtain field equations for each of the fundamental forces.
Geometric framework
Let M be a Lorentz manifold with metric g. Let x = x α , with α = 0, 1, 2, 3, be local coordinates for M, and let e α . = ∂/∂x α denote the corresponding basis vectors of the tangent bundle of M at x. In this basis, g αβ denotes the components of g, and g
αβ denotes the components of g −1 . The Clifford bundle Cl * M is formed by taking the Clifford algebra of each fiber of the tangent bundle. That is, we enforce the algebra relation e α e β + e β e α = 2g αβ on each fiber. We may choose as basis vectors for the fibers of Cl * M. Here e I . = e α 1 e α 2 · · · e α k for the multiindex I = α 1 α 2 · · · α k . We denote the length of I by |I|; i.e., |I| = k. A field ψ is a section M → Cl * M, and we write ψ = ψ I e I , where I = ∅, 0, 1, . . . , 0123. The gamma matrix γ µ is defined as left multiplication by the tangent vector e µ . That is, γ µ ψ . = e µ ψ. Moreover, we set γ α . = g αβ γ β . The spacetime metric g is extended to a metricĝ on Cl * M by the rulê g(ψ, φ) .
k e α k ···α 2 ···α 1 , and ψ ∅ is linear projection onto the e ∅ component of ψ. One shows that γ T αĝ +ĝγ α = 0. A transformation A on the tangent bundle of M extends to a transformationÂ on Cl * M via the ruleÂe
In particular, suppose that B is a change of basis for the tangent bundle of M: e ′ α = B −1 e α . This extends to an actionB on Cl * M. Under the extended change of basis, the gamma matrices transform as γ The transformation extension rule in the previous paragraph applies to Lie groups. That is, if G is a Lie group acting locally on the tangent bundle, then we can extend the action of G to Cl * M. On the other hand, the Lie algebra g of G extends to a Lie algebra action via the ruleâe
. . e α k for all a ∈ g.
Allowed forces
We use minimal coupling to model forces. That is, we assume there is a connection ∇ on Cl * M, where ∇ α ψ = ∂ α ψ + C α ψ for some collection of four 16 × 16 matrices C α . However, we need to ensure that we obtain the Dirac equation
by varying the (partial) Lagrangian density
with respect to ψ. As observed in [3] , the conditions
where Γ α βǫ are the Christoffel symbols for the metric connection on M, are sufficient to guarantee this.
The metric connection on M extends to a connection on Cl * M via the Leibniz rule. Moreover, the extended metric connection matricesΓ α satisfy both conditions in equation (2) . So to incorporate forces other than gravity, we look for connection matrices of the form
We call any collection θ α of 16 × 16 matrices that satisfy (3) a force tensor. We write θ * to denote the collection {θ 0 , θ 1 , θ 2 , θ 3 }. By general principles, under a local change of basis B for the tangent bundle of M, the connection matrices C α transform as
The extended metric connectionΓ α will satisfy this equation, so a force tensor must satisfy the transformation rule
Moreover, a force tensor remains a force tensor under a transformation. That is, the equations in (3) are satisfied by the transformed force tensor:
We remark that a force tensor is, in general, not the matrix of an actual connection. It does not transform as a connection matrix is required to, equation (4). However in the case of Minkowski space M, where the extended metric connection is trivialΓ α = 0, a force tensor is indeed the matrix of a connection on the Clifford algebra Cl (M).
The space of force tensors
The set V (g) of all force tensors is necessarily a (real) vector space. We will determine a basis in the case of the Minkowski metric g = η, where
Note thatη is also diagonal. The following fact, which we verify at the end of this section, facilitates the computation. Observe that from the first statement, any matrix N that commutes with gamma matrices is completely determined by its effect on e ∅ .
Let us introduce the following notation. For a multi-index I, {I} denotes the 16 × 16 matrix that commutes with gamma matrices and such that {I}e ∅ = e I . Moreover, we let {β, I} * denote the collection of matrices with {β, I} α = 0 if α = β, and {β, I} α = {I} if α = β.
I.e., {β, I} α = δ αβ {I}. It should be pointed out that even though {α}e ∅ = e α and γ α e ∅ = e α , necessarily {α} = γ α .
From the above fact, we see that the space of force tensors V (η) is a real vector space with basis given by {β, I} * with I = 0, 1, 2, 3, 01, 02, 03, 12, 13, 23 and β = 0, 1, 2, 3.
In particular, V (η) has dimension 40.
In the remainder of this section, we verify the previously claimed properties of the matrix 16 × 16 matrix N. The first statement is readily seen from the definition of the gamma matrices. For the second statement, let The symmetry ofη implies that the quantity on the right is equal to
It follows that (⋆) e Conversely, let J and K be any multi-indices. Now e † J e K reduces to a multiple of a basis vector, say re I . So,
Similarly, one computes e 
Irreducible connections
A Lorentz transformation Λ defines a change of basis for the tangent bundle of M. We can extend this to a change of basisΛ for Cl * M. In this way the Lorentz group O(g) acts on the space of force tensors V (g). Indeed, from equation (5),
for any force tensor θ * . The corresponding Lorentz algebra action is then
for L ∈ so(g).
We say that a force tensor θ * is irreducible if its orbit under the O(g) action, or equivalently under the so(g) action, is an irreducible real representation of O(g). The irreducible sub-representations of V (g) may be computed using standard Lie algebra techniques, such as in [2] . We will present the results for the case g = η.
Summary of fundamental computations
We explicitly compute how so(η) affects each of the basic force tensors {β, I} * in equation (6). As a vector space, so(η) is six-dimensional, and we may take as basis the six 4 × 4 matrices s 01 , s 02 , s 03 , a 12 , a 13 , a 23
where E αβ is the 4 × 4 matrix whose (α, β)-entry is unity, and all other entries are zero. In particular, we have
and s 0k e l = 0 and a jk e l = 0 in all other cases. The Lie algebra action of so(η) on M extends to a Lie algebra action on Cl (M). For example, s 03 e 02 = (s 03 e 0 )(e 2 ) + (e 0 )(s 03 e 2 ) = (e 3 )(e 2 ) + (e 0 )(0) = −e 2 e 3 = −e 23
Now from equation (7), the action of L ∈ so(η) on {β, I} is Figure 1 gives a listing of values for [L, {I}] for our chosen basis matrices L of so(η). For instance, s 03 {02}e J =ŝ 03 e J e 02 = (ŝ 03 e J )(e 02 ) + (e J )(ŝ 03 e 02 ) = {02}ŝ 03 e J − e J e 23 = {02}ŝ 03 e J − {23}e J So that [ŝ 03 , {02}] = −{23}. Figure 1 and equation (8) can then be used to compute the effect of the so(η) action on the basis elements of V (η). E.g., 
Irreducible summands: overview
Viewing the space of force tensors V (g) as a Lie algebra representation of so(g), we decompose it into irreducible summands. Schematically, the decomposition is
where each summand has the indicated dimension. The decomposition is over the reals. Further decomposition of the summands 6 and 16 can be achieved over the complex numbers. Indeed when complex coefficients are allowed, each of these two summands decomposes into two conjugate summands of complex dimensions equal to half the real dimension: 6 = 3⊕3 and 16 = 8⊕8. The 4-dimensional summands 4 and 4 ′ are (real) isomorphic. In fact, we will see that 4 and 4 ′ are both isomorphic to the standard 4-vector representation of the Lorentz group. In the classification of representations of the Lorentz group, this representation is denoted ( ). The summand 6 is isomorphic to (1, 0) ⊕ (0, 1), 9 isomorphic to (1, 1), and 16 isomorphic to (
).
One-dimensional connection
The summand 1 is the one-dimensional subspace spanned by the single force tensor u = {0, 0} * + {1, 1} * + {2, 2} * + {3, 3} * .
Indeed, one computes that L · u = 0 for all generators L = s 01 , s 02 , s 03 , a 12 , a 13 , a 23 of so(η), and hence for all L ∈ so(η). That is, so(η) acts trivially on u. Any force tensor in 1 can thus be written in the form
for a scalar field φ. The field φ is necessarily unaffected by a change of basis; that is, its transformation rule is φ ′ = φ. The individual component matrices of U * are
Four-dimensional connections
There two four-dimensional summands in (9). We will see that the two summands are isomorphic. As a consequence of this, if we set V . = 4 ⊕ 4 ′ , then the decomposition of V into irreducible summands is not unique: we can find irreducible subspaces V 1 , V 2 of V such that V = V 1 ⊕ V 2 , but V 1 is equal to neither 4 nor 4 ′ . For the moment, we will choose summands that are comparatively easily to write down. Specifically, set
Observe that as matrices, {0123}{01} = {23}. In this way, we can write v 
For different values of ζ, we obtain different summands of V . Moreover for ζ, ζ ′ ∈ [0, π) with ζ = ζ ′ , V = 4 ζ ⊕ 4 ζ ′ . One computes the extended Lie algebra action of so(η) on the basis vectors of V 1 to bê
for j, k = 1, 2, 3 and j = k (with all other actions trivial). Moreover, the matrix J commutes with the extended Lie algebra action, so that the basis vectors of 4 ζ in (11) transform in the exact same way as those of V 1 . It follows that 4 ζ is indeed stable under the so(η) action, and that all summands of this form are isomorphic. Furthermore, the basis vectors of 4 ζ transform exactly like the basis vectors e α of M under Lorentz transformations. Therefore, any force tensor in 4 ζ can be identified with a 4-vector field. I.e., we have the force tensor
for any 4-vector field A α . Explicitly, we have
Six-dimensional connections
The summand 6 in (9) is spanned by the force tensors
The action of so(η) on these basic force tensors is given in table in figure 2 . This verifies that 6 is indeed stable under the so(η) action. In fact, this is exactly the same action as that of so(η) on Λ 2 M, the vector space spanned by the 2-forms e α ∧ e β . = e α ⊗ e β − e β ⊗ e α . Hence we may identify any connection from 6 with an anti-symmetric tensor field W αβ . That is, we may write
for some anti-symmetric tensor field W αβ , provided we define the basic connections v αβ to satisfy v αβ = 0 if α ≥ β. Explicitly,
Nine-dimensional connections
A basis for summand 9 in (9) is given by the following basic force tensors.
The action of so(η) on these is summarized in the table in figure 3 , from which we see that the above collection of force tensors is stable under the so(η) action.
We show that the basic force tensors in (15) form a basis for the space of symmetric traceless 4 × 4 matrices on Minkowski space M. Indeed, suppose S αβ is such that S βα = S αβ and S α α = η αβ S αβ = 0. The latter condition is equivalent to S 33 = S 00 − S 11 − S 22 . Therefore, we may write
which defines a basis for the space of symmetric traceless matrices. One computes that the so(η) action on this basis is exactly the same as the action on the corresponding basic force tensors in equation (15). In sum, if we define u αβ = 0 for α > β and u 33 = 0, then a force tensor in 9 can be written in the form
for some symmetric traceless tensor field S αβ ; i.e., such that S αβ = S βα and S α α = 0. Explicitly,
The action of so(η) on the basic force tensors of 9.
Sixteen-dimensional connections
The sixteen-dimensional summand 16 in equation 9 is spanned by the following force tensors:
The action of so(η) on these force tensors is given by the table in figure 4. We will identify the coefficients of a force tensor in 16 with a Fierz tensor. Such tensors are described briefly in [1] . Consider the subspace F of the tensor product space M⊗M⊗M consisting of tensors F αρσ of the form
These three constraints allow us to write
where f αρσ . = e α ⊗ e ρ ⊗ e σ − e α ⊗ e σ ⊗ e ρ . One computes that the action of so(η) on the basis of F thus defined is exactly as the table in figure 4. That is, the basis element f 102 + f 012 transforms in the same way as the basic force tensor u 102 , f 103 + f 013 transforms exactly as u 103 , and so on.
It follows that a general force tensor in 16 can be expressed in the form
where F αρσ satisfies equation (17), and provided we set u αρσ = 0 for indices that do not match those of the stated basis elements. E.g., u 001 = 0, u 231 = 0, et cetera. Moreover, we have
Fundamental forces
Each distinct irreducible summand in (9) corresponds to a distinct fundamental force. That is, there are five fundamental forces (not including gravity) predicted by this model. In this section, for each fundamental force we compute the the potential energy term under the assumption where
is the curvature matrix of the total connection C α =Γ α + θ α , with θ * the force tensor. We also compute the force field equations obtained by varying the Lagrangian density
with L K as in equation (1) and τ a constant, with respect to the force field components. Again we assume that g = η, the Minkowski metric, so that
With the exception of the scalar field, all computations were performed with the assistance of a symbolic algebra package.
Scalar field
The potential energy of the force tensor U * in equation (10), associated with the one-dimensional irreducible summand 1, is found to be
Variation of the Lagrangian density (18) with respect to the scalar field φ then gives the field equation
for some constant τ 1 .
Vector field
The potential energy term in the Lagrangian for the force tensor F * on 4 ζ given in equation (12) is
Here ǫ αβρσ is the totally antisymmetric tensor of rank four. The field equation for the four-vector field A α is then
where v α is the basic force tensor from section 3.4, and (v α ) β is the β-component matrix of v α
Antisymmetric tensor field
In this case, the potential energy term of the Lagrangian for the connection H * in (14) is
The field equation for the antisymmetric tensor field W αβ is
where (v αβ ) σ is the σ-component matrix of the basic force tensor v αβ in equation (13).
Symmetric tensor field
For a symmetric traceless tensor field S αβ , the potential energy term for the Lagrangian is 
Fierz tensor field
In this case, the potential energy term of the Lagrangian is given by where F αρσ is a Fierz tensor; i.e., a tensor that satisfies equation (17). Constrained variation of the total Lagrangian yields 
